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The magnetostatic energy of a cycloidal spin-spiral configuration is calculated. The free-standing spiral is
compared to the case of spirals that are brought in contact to a magnetically polarizable substrate. While a
free-standing layer is energetically degenerate with respect to the spiral’s sense of rotation, it is shown that a
polarizable substrate breaks this symmetry and lifts the degeneracy. Consequently, a strongly polarizable substrate
can stabilize (destabilize) a spin spiral that would be unstable (stable) without considering the magnetostatics of
the substrate.
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I. INTRODUCTION
Homochiral spin-spiral configurations are observed in chi-
ral crystals, such as MnSi1 and Fe1−xCoxSi.2 Below a critical
temperature, these material systems show a phase transition
from the paramagnetic phase to a helical phase. It was
attributed to the Dzyaloshinskii-Moriya (DM) interaction,3,4
which is a direct consequence of spin-orbit coupling in
the presence of the broken inversion symmetry due to the
chiral crystal structure. Alternatively, in multiferroic materials
such as TbMnO3 the inversion symmetry can be broken by
electric fields,5 which also gives rise to the formation of
DM-driven spin spirals. Due to the lack of chirality in these
crystals, the induced spiral configurations are of cycloidal
instead of helical type but still possess a unique rotational
sense. Only recently, homorotational magnetic cycloids could
even be observed in magnetic thin-film systems, where the
inversion symmetry is broken by the surface of otherwise
inversion-symmetric crystals.6–8 To date, there is a common
agreement that the occurrence of spin spirals with a unique
rotational sense is intimately related to the existence of a
sufficiently strong antisymmetric interaction of DM type,
whereas symmetric interactions of dipolar type do not favor
one particular rotational sense.
In this article we discuss the magnetostatics of cycloidal
spin spirals,8 i.e., a continuous repetition of Ne´el-type walls9
with a unique sense of rotation (↑→↓←↑) . It is shown how
the bare presence of a magnetically polarizable substrate—on
purely magnetostatic grounds—breaks the symmetry to lift the
degeneracy with respect to the spiral’s sense of rotation. Hence,
the common restriction to antisymmetric interactions must be
dropped. On the other hand, one has to keep in mind that
magnetostatic energy is not a driving force for the formation of
cycloidal spin structures (a Ne´el-type structure creates volume
charge) while a helical spin spiral, i.e., a continuous repetition
of Bloch-type walls9 (↑ ⊗ ↓  ↑), is volume-charge free and,
therefore, has a lower magnetostatic energy.
For completeness, we will first review in Sec. II the results
on a free-standing magnetic layer. In Sec. III, a polarizable
substrate and its effect on the total magnetostatic energy will
be considered.
II. THE STRAY FIELD AND THE MAGNETOSTATIC
SELF-ENERGY OF A CYCLOIDAL SPIN SPIRAL IN A
FREE-STANDING LAYER
Due to symmetry the self-energy of a spin spiral—cycloidal
or not—does not depend on the sense of rotation. To calculate
the self-energy, it is required to calculate the stray field,
including the demagnetizing field, first. The field H is the
negative gradient of the magnetic potential . The latter one is
calculated using Fourier methods starting from a point dipole
with moment m and potential
dip = − m4πμ0 · (∇|r|
−1), (1)
where r is the coordinate relative to the dipole. Using the
Fourier representation of |r|−1, at constant z the Fourier
transform ˆdip of the potential dip of a point dipole reads10
ˆdip(q,z) = −e
−2π |q||z|
2μ0|q| [iq · m‖ − sgn(z)|q|mz], (2)
where m‖ = (mx,my) and q = (qx,qy). To consider a thickness
h, one has to integrate ˆdip(q,z − ζ ) with respect to ζ and
the according limits; here, we choose the magnetic layer to
be at −h  2z  h. Note that in this case, we must replace
the magnetic moment by a magnetic-moment line density such
that the integration results in an extended magnetic moment. In
case of a spin spiral in volume material, additional integration
over the two-dimensional (2D) unit cell is required. Hence,
in this case, one has to replace the point dipole moment by
a magnetic-moment volume density, i.e., magnetization, such
that the integration, again, results in a magnetic moment. In the
following, this step has already been carried out and instead of
the magnetic moment m, the magnetization M appears.
We restrict the spin spiral to the quasi-one-dimensional
(1D) case with variations in x direction only, i.e., Mx =
MSa(x) and Mz = MSb(x), where MS is the saturation
magnetization and the functions a and b naturally fulfill
a2(x) + b2(x) = 1 and have Fourier coefficients aj and bj ,
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FIG. 1. (Color online) Magnetization vector field of a sinusoidal
and cycloidal spin spiral. Contour lines give the constant magnetic
potential. The magnetic layer is confined to 2|z|  1, which is also
indicated by the dashed lines.
respectively. With qj = jλ−1, j ∈ Z, and the wavelength of
the spiral λ, the potential ss of the spin spiral has the form
ss(r) = −MS2
∑
j∈Z
e2π iqj x
× [iaj sgn(qj )t(qj ,h,z) − bju(qj ,h,z)], (3)
where t(qj ,h,z) is the integral of the exponential function in
Eq. (2), while u(qj ,h,z) includes the additional sign function.
Due to the modulus of z, the integral inside the layer differs
from the outside solution and t and u read11
t(qj ,h,z) =
⎧⎪⎪⎨
⎪⎪⎩
sinh(π |qj |h)
π |qj | e
−2π |qj z|, |z| > h
2
,
2 − e−π |qj ||h+2z| − e−π |qj ||h−2z|
2π |qj | , |z| 
h
2
,
(4)
and
u(qj ,h,z) =
⎧⎪⎪⎨
⎪⎪⎩
sgn(z) sinh(π |qj |h)
π |qj | e
−2π |qj z|, |z| > h
2
,
sinh(2π |qj z|)
π |qj | e
−π |qj |h, |z|  h
2
.
(5)
The 2D case can be treated in a similar way because all
important integrals and derivatives appear in a similar way
except the prefactors.12
As a 1D example, a sinusoidal spin spiral, i.e., a±1 =
±(2i)−1 and b±1 = 2−1 as well as its potential are shown in
Fig. 1. Note that in the special case of a sinusoidal spiral, the
potential is constant on one side of the magnetic layer, i.e., the
stray field on this side is identical to zero, while it is nonzero
on the other side. As mentioned before, we easily calculate the
field by taking the negative gradient of the potential such that
Hx(h,x,z) = −πMS
∑
j∈Z
e2π iqj x[aj |qj |t(qj ,h,z)
+ iqjbju(qj ,h,z)] (6)
and
Hz(h,x,z) = MS2
∑
j∈Z
e2π iqj x[iaj sgn(qj )τ (qj ,h,z)
+ bjυ(qj ,h,z)], (7)
where
τ (qj ,h,z) = ddz t(qj ,h,z)
= −2
⎧⎪⎨
⎪⎩
sgn(z) sinh(π |qj |h)
e2π |qj z|
, |z| > h
2
,
sinh(2π |qj |z)
eπ |qj |h
, |z|  h
2
,
(8)
and
υ(qj ,h,z) = ddzu(qj ,h,z)
= 2
⎧⎪⎨
⎪⎩
− sinh(π |qj |h)
e2π |qj z|
, |z| > h
2
,
cosh(2π |qj |z)
eπ |qj |h
, |z|  h
2
.
(9)
To finally get the energy density, we have to evaluate the
integral
E = − 1
λh
∫ λ
0
dx
∫ h
2
− h2
dz
μ0
2
M · H. (10)
For symmetry reasons, which will be discussed in more detail
below, Mx has a nonzero contribution only if interacting with
the part of Hx that is proportional to aj , whereas Mz has a
nonzero contribution only if interacting with the part of Hz
that is proportional to bj . Therefore, we split the result into
two parts, one due to Mx , i.e. E (x), and one due to Mz, i.e., E (z).
They read11
E (x) = μ0
2
M2S
∑
j∈Z
|aj |2
(
1 − 1 − e
−2π |qj |h
2π |qj |h
)
(11)
and13
E (z) = μ0
2
M2S
∑
j∈Z
|bj |2 1 − e
−2π |qj |h
2π |qj |h . (12)
As the magnetostatic self-energy only depends on the modulus
of aj and bj , naturally it does not depend on the sense of
rotation of the spin spiral, which is encoded in the signs of aj
and bj . Interestingly, in case of the sinusoidal spin spiral, the
moduli of aj and bj are identical such that by adding Eqs. (11)
and (12), the qj -dependent fraction cancels out. Hence, the
self-energy of a sinusoidal spin spiral in an infinite layer is
always
Esinusoidal = μ04 M
2
S, (13)
which is independent of h and λ, and in contrast to sinusoidal
helical spin spirals,14 magnetostatics plays no role with respect
to the equilibrium domain size.
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FIG. 2. (Color online) The potential of a sinusoidal cycloidal spin spiral as in Fig. 1 but decomposed into the contribution that originates
from the x component of the magnetization (a) and the contribution due to the z component (b). The corresponding projections of the vector
field are drawn on top. The color scale is the same as in Fig. 1.
III. MAGNETOSTATIC ENERGY OF A CYCLOIDAL SPIN
SPIRAL ON TOP OF A POLARIZABLE SUBSTRATE
While the self-energy of a free-standing cycloidal spin
spiral does not depend on the sense of rotation, this changes
if the magnetic layer is on top of a polarizable substrate.
Naturally, we need a mechanism that breaks the symmetry
to have an energy that depends on the sense of rotation. Here,
the symmetry breaking is due to the presence of a polarizable
substrate. From now on, we assume that the substrate occupies
the half space at 2z < −h.
The magnetic potential of the spin spiral can be decomposed
into two parts: one is due to the x component and the other
due to the z component of the magnetization. While the part of
the potential due to Mx originates from volume charge, which
is equally distributed along z and only varies along x [see
Fig. 2(a)], Mz results in a surface charge that has odd parity
upon reflection across the x-y plane [see Fig. 2(b)]. Hence,
the two parts have a different symmetry and the superposition
leads to a nonsymmetric potential as can be seen in Fig. 1. As
a consequence, the stray field for 2z > h and 2z < h is not
identical. For the free-standing layer, this is not important, as
on both sides there is vacuum, but in case of a substrate,
the stray field to which this substrate is exposed depends
on the sense of rotation of the spin spiral. If the substrate
is polarizable, it will be polarized due to the stray field of
the spin spiral. As the stray field depends on the sense of
rotation so does the polarization of the substrate. The polarized
substrate then also produces a stray field that naturally depends
on the sense of rotation as well. This stray field changes the
magnetostatic energy of the spin spiral such that we must
conclude that in the presence of a polarizable substrate, the
magnetostatic energy of a cycloidal spin spiral depends on the
sense of rotation.
A. The stray field of a semi-infinite substrate,
polarized by a spin spiral
Using Eqs. (6) and (7), we can calculate the stray field of
the spin spiral inside the substrate. We further assume that the
induced magnetization in the substrate is Mind = p H , i.e., it is
proportional to the field with polarizability p and |p| < 1. As
a next step, we have to calculate the magnetic potential of the
substrate. It is possible to express the induced magnetization
in the form
Mind(x,z) = p H (x,z)
= pMS
∑
j∈Z
e2π iqj x
(
αj (h,z)
βj (h,z)
)
, (14)
where αj and βj can be obtained by comparing Eqs. (14), (6),
and (7). These are of course also the Fourier coefficients of the
induced magnetization. The difference with the previous case
is that the coefficients now depend on z. The induced magnetic
potential of the substrate then reads
ind(h,x,z) = −pMS2
∫ − h2
−∞
dζ
∑
j∈Z
e2π iqj xe−2π |qj z|
× [iαj (h,ζ ) sgn(qj ) − sgn(z − ζ )βj (h,ζ )]
= pMS
2
∑
j∈Z
e2π iqj xG(qj ,h,z)
× [iaj sgn(qj ) + bj ], (15)
where
G(qj ,h,z) = 1 − e
−2π |qj |h
4π |qj | e
−π |qj ||h+2z|. (16)
The function G(qj ,h,z) is symmetric with respect to 2z = −h,
as the substrate only has a surface but not a volume charge.
This is due to the fact that the magnetization vector field of the
substrate is identical to the stray field of the spin spiral, which
naturally has a zero divergence outside the magnetic layer, see
Fig. 3(a).
The stray field of the substrate reads
Hind,x(h,x,z) = pMS
∑
j∈Z
πe2π iqj xG(qj ,h,z) (aj |qj | − iqjbj )
(17)
and
Hind,z(h,x,z) = −pMS2
∑
j∈Z
e2π iqj xγ (qj ,h,z) (iaj sgn(qj ) + bj),
(18)
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FIG. 3. (Color online) (a) Equipotential lines of the spin spiral as in Fig. 1. The vector field plotted on top is the stray field of the spiral that
penetrates the substrate. Note, that this is—except from the factor p—equivalent to the induced magnetization in the substrate. (b) Potential
due to the induced magnetization of the substrate. The vector field plotted on top is the corresponding stray field of the substrate. This field
penetrates the spin spiral. The color scale in (b) is the same as in Fig. 1 when assuming the extreme case of a polarizability p = 1. Note, a
smaller p will only change the scale, while the qualitative behavior stays the same.
where
γ (qj ,h,z) = ddzG(qj ,h,z)
= sgn(h + 2z) e
−2π |qj |h − 1
2eπ |qj ||h+2z|
. (19)
Because the field Hind also exists in the region of the
polarizable substrate [Fig. 3(b)], it actually modifies its
polarization. Therefore, the exact solution for the polarization
must be calculated self-consistently, e.g., by iterating the above
steps until the solution converges. However, the nth-order
iteration is of order pn; as p is usually significantly smaller
than 1, these corrections are negligible.
B. Magnetostatic energy of the spin spiral in the
field of the substrate
To calculate the additional energy of the spin spiral in the
field of the polarized substrate, one has to integrate
Eind = − 1
λh
∫ λ
0
dx
∫ h
2
− h2
dz μ0 M · Hind. (20)
As before, this integral will be split into two components: the
contributions E (x)ind due to MxHind,x and E (z)ind due to MzHind,z,
respectively. In detail they can be written as
E (x)ind = −p
μ0
4
M2S
∑
j∈Z
[|aj |2 − i sgn(qj )a∗j bj ]
(1 − e−2π |qj |h)2
2π |qj |h
(21)
and
E (z)ind = −p
μ0
4
M2S
∑
j∈Z
[i sgn(qj )ajb∗j + |bj |2]
(1 − e−2π |qj |h)2
2π |qj |h ,
(22)
where the asterisk denotes the complex conjugate. Combining
Eqs. (21) and (22) and simplifying results in
Eind =−pμ04 M
2
S
∑
j∈Z
|i sgn(qj )aj +bj |2 (1 − e
−2π |qj |h)2
2π |qj |h . (23)
This result reveals several important features. First, we note
that there is no contribution for q = 0 as the last fraction
vanishes in the limit q → 0. As any constant part (q = 0) of the
spin spiral does not produce a stray field outside the magnetic
layer, it will, consequently, not polarize the substrate. Second,
we see that if the substrate is paramagnetic, i.e. p > 0, the
magnetostatic energy of the spin spiral is lowered as Eind  0,
∀p>0. Finally, we note the peculiar dependency of Eind on
the Fourier coefficients aj and bj . This combination reflects
the dependency on the sense of rotation, as now the sign of
aj with respect to the sign of bj becomes important. Let us
consider, as an example, once again the sinusoidal spiral. The
Fourier coefficients for the two possible sinusoidal spin spirals
are given in Table I. Taking Fig. 2 into account, we see that
at z < −0.5 the potential due to the closest surface charges
[see Fig. 2(b)] and the potential due to volume charges [see
Fig. 2(a)] always have the same sign, i.e., at x/h = 0 both show
a negative minimum, at x/h = 0.75 both become positive to
reach their maxima at x/h = 1.5, etc. As a consequence the
magnetic field is amplified on this side. On the other hand,
at z > +0.5 the potential due to the closest surface charge
TABLE I. Fourier coefficients for sinusoidal spin spirals. De-
pending on the signs of aj , the substrate is on the side where
the volume charge amplifies the magnetic field due to the surface
charges (superscript a) or it diminishes it (superscript d)(see text).
This changes the first factor of the sum in Eq. (23) (last two rows)
and, therefore, the magnetostatic energy of the spin spiral. As in the
case of a sinusoidal spin spiral, the stray field on the diminished side
is zero and the corresponding factors (last row) are all identical zero.
j −1 1
qj − 1λ 1λ
bj
1
2
1
2
aaj − 12i 12i
adj
1
2i − 12i
i sgn(qj )aaj + bj 1 1
i sgn(qj )adj + bj 0 0
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has the opposite sign, such that the volume charge diminishes
the total stray field. According to this, the first factor of the
sum in Eq. (23) changes (see last two rows of Table I) and,
consequently, the magnetostatic energy of the spin spiral.
C. The magnetostatic self-energy of the substrate
As we consider the magnetostatic energy density of the
spin spiral in the field of the substrate, it is also interesting
to calculate the self-energy density of the substrate. As we
did not calculate the field of the substrate self-consistently,
this will only be a second-order correction to the total energy.
Additionally, we have to take into account that the substrate
is semi-infinite, where the field as well as the magnetization
decay exponentially in z direction with a characteristic decay
length of λ.15 Hence, the volume energy density is zero. It
is, however, possible to calculate the energy per unit area
sub, i.e.,
sub = −1
λ
∫ λ
0
dx
∫ − h2
−∞
dz
μ0
2
Mind · Hind. (24)
Following the previous steps one eventually gets
sub = hμ016 (pMS)
2
∑
j∈Z
|i sgn(qj )aj + bj |2
× (1 − e
−2π |qj |h)2
2π |qj |h . (25)
The surface energy density of the substrate in Eq. (25) has
many features in common with the energy volume density of
Eq. (23), i.e., there is no contribution for q → 0 and it has the
same dependency on the Fourier coefficients aj and bj . The
additional volume density of the spin spiral can, however, be
positive or negative, depending on the sign of the polarizability
p of the substrate, whereas the magnetostatic self-energy of the
substrate naturally must be positive; hence the p2 dependency.
As mentioned before, this is a second-order correction and can
be neglected for |p|  1.
Finally, we note that by comparing the surface energy
densities of the spin spiral and the substrate we have
|hEind| > sub, ∀p =0
|p|<1
, (26)
such that a paramagnetic substrate will always lower the total
magnetostatic energy. For p ∈ [−1,1] the change in energy
due to the polarizable substrate is a strictly decreasing function
with respect to p. On the other hand, the last factor of Eq. (23)
[and Eq. (25)] is zero for h → 0 and h → ∞, such that it must
present a maximum in the interval (0,∞). Hence, there is a
ratio of h and λ that maximizes the gain in energy per unit
area. In the presented first-order approximation, this ratio for
the sinusoidal spin spiral reads
h
λ
= −
1 + 2W−1
(− 12√e
)
4π
≈ 0.2, (27)
where W−1(z) is the lower branch of the Lambert-W
function.16
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FIG. 4. Profile of a right-rotating spin spiral with δ = 0.99.
Magnetization component Mx is gray and Mz is black. The continuous
lines show the Fourier approximation to the noisy data. The dashed
line shows the relative deviation from M2x + M2y = M2S .
IV. EXAMPLE CALCULATION FOR THE
NONSINUSOIDAL CASE
In the previous chapters, the general solutions for the
additional magnetostatic energy of a cycloidal spin spiral, due
to a polarizable substrate, have been derived. The extreme case
of a sinusoidal spiral, however, is only realized, for example, in
the extreme case of dominant DM interaction. In general, the
spiral profile is more complicated. Therefore, also an example
for a nonideal case is given in the following.
Let us assume that the influence of the dipole-dipole
interaction on the spiral profile is small, such that it alters only
the total energy density. In this case, one can approximate the
spiral profile, i.e., the rotation angle ϕ of the magnetization as
a function of the position x, as17
ϕ(x) = am
(
x
λx0
,δ
)
, (28)
where am is the Jacobi amplitude, delta a free parameter,18 and
x0 = 4E(δ), (29)
TABLE II. Fourier coefficients of a nonideal spin spiral (see
Fig. 4) and the corresponding rotation-sensitive factor of Eq. (23).
The additional minus sign at aj in the last column corresponds to a
left-rotating spiral, while the forth column represents a right-rotating
spiral. The results are given with a precision of 10−3. Hence, within
this precision, coefficients of order larger than five do not further
affect the magnetostatic energy.
j 103 aj 103 bj |i sgn(j )aj + bj |2 | − i sgn(j )aj + bj |2
−5 −1 + 30i 38 + i 4 × 10−3 0
−4 −5 + 3i −1 0 0
−3 0 −118 + 2i 14 × 10−3 14 × 10−3
−2 0 −1 0 0
−1 −1 + 300i 595 + 2i 801 × 10−3 87 × 10−3
0 −2 5 0 0
1 −1 − 300i 595 − 2i 801 × 10−3 87 × 10−3
2 0 −1 0 0
3 0 −118 − 2i 14 × 10−3 14 × 10−3
4 −5 − 3i −1 0 0
5 −1 − 30i 38 − i 4 × 10−3 0
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FIG. 5. Additional magnetostatic energy of the spin spiral
due to the induced magnetization of the substrate. The up-
per branch is for right-rotating and the lower branch for left-
rotating spirals. The parameter δ varies as: 0.5 (black), 1–10−1
(gray dashed), 1–10−2 (black dashed), 1–10−3 (gray), and 1–10−4
(black dot-dashed).
where E is the complete elliptic integral of the second kind. For
δ < 0.5, ϕ(x) is almost linear, resulting in an almost sinusoidal
profile. In case of δ → 1, one obtains domains separated by
walls that have almost the well-known arctan shape.
In Fig. 4 the case of δ = 0.99 is shown. Some data
with noise have been simulated. The Fourier coefficients,
presented in Table II are calculated from the data via numeric
integration. The result of the integration, i.e., the Fourier
approximation of the data, is shown as continuous lines. The
dashed line represents the deviation from the requirement
M2x + M2y = M2S, which has not been considered for the
presented approximation. The small deviations from this
condition are neglected in the following.
The last two columns of Table II present the rotation-
sensitive factor of Eq. (23). The sum over these columns,
weighted by the according factor of Eq. (23) with λ = 4.5 h,
eventually gives
E rightind = −p
μ0
4
M2S × 0.657
(30)
E leftind = −p
μ0
4
M2S × 0.077,
In this case one still has a significant difference for right and
left circular spin spiral. Furthermore, depending on the value
of p, there can be a significant contribution from the induced
polarization to the total magnetostatic energy.
Finally, calculations for different δ, i.e., varying deviation
from the perfect sinusoidal case, as a function of h/λ are shown
in Fig. 5. With the chosen geometry (see previous paragraphs),
the right-rotating spiral is always more strongly affected by
the substrate. The previously calculated optimum wavelength
of h/λ ≈ 0.2 only slightly changes to larger λ when δ
approaches 1. The important point, however, is that the changes
with respect to δ are small such that the sense of rotation can
have a notable effect even for very inhomogeneous spin spirals.
The influence of the induced magnetization vanishes for large
λ, i.e., h/λ → 0 in Fig. 5, as the volume charge density—one
important component of the symmetry breaking—vanishes. It
also disappears for λ → 0, i.e., h/λ → ∞. This is due to the
fact that the field of the induced magnetization decays expo-
nentially into the spin spiral. As the characteristic decay length
is given by λ, the volume fraction of the spiral that is affected
by the field of the substrate decreases as λ/h decreases.
V. CONCLUSIONS
The magnetostatic energy of a cycloidal spin spiral is
independent of its sense of rotation only for a free-standing
layer. A substrate with (sufficiently large) polarizability breaks
this symmetry and lifts the magnetostatic energy degeneracy
of right- and left-rotating spiral structures. In particular, this
can play a role when some other mechanism, such as the
Dzyaloshinskii-Moriya interaction,3,4 can induce a cycloidal
spin spiral. In this case, a strongly polarizable substrate can
suppress or stabilize the spin spiral.
The effect vanishes for long as well as for extremely short
spiral wavelengths. Because the effect is obviously wavelength
dependent, one has also to conclude that it influences the
equilibrium wavelength of the spin spiral.
In case of materials with rather weak magnetic polarizabil-
ity, such as tungsten or platinum bulk crystals, the effect is
negligible. However, it is known, e.g., for Co/Pt,19 that the
presence of magnetic surface layers can alter the electronic
structure of these materials, therefore substantially increasing
its polarizability in the interface region.
In the case of strongly paramagnetic substrates such
as gadolinium, terbium,20 or exotic materials like doped
YbRh2Si2,21 with magnetic susceptibilities of χmol ≈
0.2 cm3/mol at room temperature and χmol ≈ 10−6 m3/mol
arround 1 K, respectively, the value of p can be on the order
of 10%.22 This value indicates that for appropriate material
combinations and close to the transition between the collinear
phase and the spin-spiral regime (D ≈ Dc, cf. Refs. 17 and 23),
the magnetostatic effects discussed in this article can have a
strong impact on the formation of DM-driven surface spin
spirals.
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